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Some properties of Kaehler submanifolds with recurrent tensor fields.
Some properties of Kaehler submanifolds
with recurrent tensor fields
Irina I. Bodrenko
1
Abstract
The properties of Kaehler submanifolds with recurrent the second fundamental form in
spaces of constant holomorphic sectional curvature are being studied in this article.
Introduction
Let M2m+2l be a Kaehler manifold of complex dimension m + l (m ≥ 1, l ≥ 1) with
almost complex structure J and a Riemannian metric g˜, ∇˜ be the Riemannian connection
coordinated with g˜, R˜ be the Riemannian curvature tensor of manifold M2m+2l. Let F 2m be
a Kaehler submanifold of complex dimension m in M2m+2l with induced Riemannian metric
g. The restriction J to F 2m defines induced almost complex structure on F 2m, which we
will denote by the same symbol J . Let ∇ be the Riemannian connection coordinated with
g, D be the normal connection, b be the second fundamental form, R⊥ be the tensor of
normal curvature of submanifold F 2m, ∇ = ∇⊕D be the connection of van der Waerden —
Bortolotti. b is called parallel if ∇b ≡ 0. A tensor of normal curvature R⊥ is called parallel if
∇R⊥ ≡ 0.
According to the definition of recurrent tensor field (see [1] , note 8), nonzero form b 6= 0
is called recurrent if there exists 1-form µ on F 2m such that ∇b = µ⊗ b.
Theorem 1 . Let F 2m be a Kaehler submanifold of complex dimension m in a Kaehler
manifold M2m+2l(c) of complex dimension m+l and constant holomorphic sectional curvature
c. If F 2m has recurrent the second fundamental form b then the tensor of normal curvature
R⊥ 6= 0 is parallel.
It is known (see [1] , note 8, theorem 3), that for a Riemannian manifoldM with recurrent
tensor of Riemannian curvature R˜ and irreducible narrowed linear group of holonomy, it is
necessary that the tensor of Riemannian curvature R˜ be parallel (i.e. ∇˜R˜ ≡ 0) with the
condition dimM ≥ 3. A Riemannian manifold M is called locally symmetric if ∇˜R˜ ≡ 0.
Theorem 2 . Let F 2m be a Kaehler submanifold of complex dimension m in a Kaehler
manifold M2m+2l(c) of complex dimension m+l and constant holomorphic sectional curvature
c. If F 2m has recurrent the second fundamental form b then F 2m is locally symmetric
submanifold.
1 c©Irina I. Bodrenko, associate professor, Department of Mathematics,
Volgograd State University, University Prospekt 100, Volgograd, 400062, RUSSIA.
E.-mail: bodrenko@mail.ru http://www.bodrenko.com http://www.bodrenko.org
1
Irina I. Bodrenko
1 Main notations and formulas.
Let Mn+p be (n + p)-dimensional (n ≥ 2, p ≥ 2) smooth Riemannian manifold, g˜ be a
Riemannian metric on Mn+p, ∇˜ be the Riemannian connection coordinated with g˜, F n be
n-dimensional smooth submanifold in Mn+p, g be the induced Riemannian metric on F n,
∇ be the Riemannian connection on F n coordinated with g, TF n and T⊥F n be tangent
and normal bundles on F n, respectively, R and R1 be the tensors of Riemannian and Ricci
curvature of connection ∇, respectively, b be the second fundamental form F n, D be the
normal connection, R⊥ be the tensor of normal curvature, ∇ be the connection of Van der
Waerden — Bortolotti.
The formulas of Gauss and Weingarten have, respectively, the following form [2] :
∇˜XY = ∇XY + b(X, Y ), (1.1)
∇˜Xξ = −AξX +DXξ, (1.2)
for any vector fields X, Y, tangent to F n, and vector field ξ normal to F n.
The equations of Gauss, Peterson — Codacci and Ricci have, respectively, the following
form [2] :
R˜(X, Y, Z,W ) = R(X, Y, Z,W ) + g˜(b(X,Z), b(Y,W ))− g˜(b(X,W ), b(Y, Z)), (1.3)
(R˜(X, Y )Z)⊥ = (∇Xb)(Y, Z)− (∇Y b)(X,Z), (1.4)
R˜(X, Y, ξ, η) = R⊥(X, Y, ξ, η)− g([Aξ, Aη]X, Y ), (1.5)
for any vector fields X, Y, Z,W , tangent to F n, and vector fields ξ, η, normal to F n.
For any vector field ξ normal to F n, we denote as Aξ the second fundamental tensor
relatively to ξ. For Aξ the relation holds
g˜(b(X, Y ), ξ) = g˜(AξX, Y ), (1.6)
for any vector fields X, Y , tangent to F n.
A normal vector field ξ is called nondegenerate if detAξ 6= 0.
Covariant derivatives ∇b, (∇A)ξ and ∇R
⊥, are defined by the following equalities,
respectively ( [2] ):
(∇Xb)(Y, Z) = DX(b(Y, Z))− b(∇XY, Z)− b(Y,∇XZ), (1.7)
(∇XA)ξY = ∇X(AξY )−Aξ(∇XY )− ADXξY, (1.8)
(∇XR
⊥)(Y, Z)ξ = DX(R
⊥(Y, Z)ξ)−R⊥(∇XY, Z)ξ −R
⊥(Y,∇XZ)ξ −R
⊥(Y, Z)DXξ, (1.9)
for any vector fields X, Y, Z, tangent to F n, and vector field ξ normal to F n.
Let indices, in this article, take the following values: i, j, k, s, t = 1, . . . , n, α, β, γ =
1, . . . , p. We will use the Einstein rule.
Let x be an arbitrary point F n, TxF
n and T⊥x F
n be the tangent and normal spaces
F n at point x, respectively, U(x) be some neighborhood of point x, (u1, . . . , un) be local
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coordinates on F n in U(x), {∂/∂ui} be a local basis in TF n, {nα|} be a field of bases of
normal vectors in T⊥F n in U(x). We may always choose the basis {nα|} orthonormalized
and assume that g˜(nα|, nβ|) = δαβ , where δαβ is the Kronecker symbol. We introduce the
following designations:
gij = g
(
∂
∂ui
,
∂
∂uj
)
, bij = b
(
∂
∂ui
,
∂
∂uj
)
= bαijnα|, Γij,k = g
(
∇ ∂
∂ui
∂
∂uj
,
∂
∂uk
)
,
Γkij = g
ktΓij,t, ∇ib
α
jk =
∂bαjk
∂ui
− Γtijb
α
tk − Γ
t
ikb
α
jt, Γ
⊥
αβ|i = g˜
(
nα|, ∇˜ ∂
∂ui
nβ|
)
,
Γ⊥αβ|i = δ
αγΓ⊥γβ|i, Γ
⊥
αβ|i = δαγΓ
⊥γ
β|i , Γ
⊥
αβ|i + Γ
⊥
βα|i = 0, ∇ib
α
jk =
(
∇ib
α
jk + Γ
⊥α
β|i b
β
jk
)
,(
∇ ∂
∂ui
b
)(
∂
∂uj
,
∂
∂uk
)
= ∇ib
α
jknα|, bα|ik = δαβb
β
ik, a
j
α|i = bα|ikg
kj,
∇ia
k
α|j =
∂akα|j
∂ui
− Γtija
k
α|t + Γ
k
ita
t
α|j, a
j
α|i
∂
∂uj
= Anα|
(
∂
∂ui
)
,
∇ia
k
α|j =
(
∇ia
k
α|j − Γ
⊥β
α|ia
k
β|j
)
,
(
∇ ∂
∂ui
A
)
nα|
(
∂
∂uj
)
= ∇ia
k
α|j
∂
∂uk
,
where ‖gkt‖ and ‖δαβ‖ are inverse matrixes to ‖gkt‖ and ‖δαβ‖, respectively.
We assume that a Riemannian manifold Mn+p is almost Hermitian manifold with almost
complex structure J (see [3] , chapter 6, section 6.1). ThenMn+p has even dimension: n+p =
2(m+l), where a numberm+l is called complex dimension ofMn+p; the Riemannian metric g˜
is almost Hermitian, i.e. for any vector fields X˜, Y˜ , tangent to Mn+p, the following condition
holds:
g˜(JX˜, JY˜ ) = g˜(X˜, Y˜ ). (1.10)
Almost Hermitian manifold Mn+p is called Kaehler manifold ( [3] ) if almost complex
structure J is parallel, i.e. for any vector fields X˜, Y˜ , tangent toMn+p, the following condition
holds:
∇˜
X˜
JY˜ = J∇˜
X˜
Y˜ . (1.11)
A submanifold F n of a Kaehler manifold Mn+p is called Kaehler submanifold if for any
vector field X ∈ TF n, vector field JX ∈ TF n. F n is Kaehler manifold relative to induced
almost complex structure J and induced almost Hermitian metric g (see [3] , chapter 6, par.
6.7). Kaehler submanifold F n in Kaehler manifold Mn+p, has even dimension n = 2m and
codimension p = 2l. Number m is called complex dimension, and number l is called complex
codimension of Kaehler submanifold F n.
We denote by M2m+2l(c), a Kaehler manifold of complex dimension m + l of constant
holomorphic sectional curvature c. The tensor of Riemannian curvature R˜ of spaceM2m+2l(c)
complies with the formula [1] :
R˜(X˜, Y˜ )Z˜ =
c
4
(
g˜(Y˜ , Z˜)X˜ − g˜(X˜, Z˜)Y˜ + g˜(JY˜ , Z˜)JX˜ − g˜(JX˜, Z˜)JY˜ + 2g˜(X˜, JY˜ )JZ˜
)
,
(1.12)
for any vector fields X˜, Y˜ , Z˜, tangent to M2m+2l(c).
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2 The properties of covariant derivative ∇.
Lemma 1 . Let F n be a submanifold in a Riemannian manifold Mn+p. Then the following
equality holds:
g˜((∇ZA)ξX, Y ) = g˜((∇Zb)(X, Y ), ξ) ∀X, Y, Z ∈ TF
n, ∀ξ ∈ T⊥F n. (2.1)
Proof. We will find the expressions of the left and the right parts of the equality (2.1),
in local coordinates. We assume
Z = Z i
∂
∂ui
, X = Xj
∂
∂uj
, Y = Y k
∂
∂uk
, ξ = ξαnα|. (2.2)
We have:
g˜((∇ZA)ξX, Y ) = Z
iXjY kξαgsk∇ia
s
α|j = Z
iXjY k
(
ξαgsk∇ia
s
α|j − ξ
αgskΓ
⊥β
α|ia
s
β|j
)
=
= Z iXjY k
(
ξα∇i(gska
s
α|j)− ξ
αΓ⊥βα|igska
s
β|j
)
= Z iXjY k
(
ξα∇ibα|jk − ξ
αΓ⊥βα|i bβ|jk
)
=
= Z iXjY k
(
ξα∇i(δαβb
β
jk)− ξ
αΓ⊥βα|i δβγb
γ
jk
)
= Z iXjY k
(
ξαδαβ∇ib
β
jk − ξ
αΓ⊥βα|i δβγb
γ
jk
)
=
= Z iXjY k
(
ξαδαβ∇ib
β
jk − ξ
αΓ⊥γα|ib
γ
jk
)
=
= Z iXjY k
(
ξαδαβ
(
∇ib
β
jk − Γ
⊥β
γ|i b
γ
jk
)
− ξαΓ⊥γα|ib
γ
jk
)
=
= Z iXjY k
(
ξαδαβ∇ib
β
jk − ξ
αδαβΓ
⊥β
γ|i b
γ
jk − ξ
αΓ⊥γα|ib
γ
jk
)
=
= Z iXjY k
(
ξαδαβ∇ib
β
jk − ξ
αΓ⊥αγ|ib
γ
jk − ξ
αΓ⊥γα|ib
γ
jk
)
= Z iXjY kδαβξ
α∇ib
β
jk =
= g˜((∇Zb)(X, Y ), ξ).
Lemma is proved.
Lemma 2 . Let F 2m be a Kaehler submanifold in a Kaehler manifold M2m+2l. Then for any
X ∈ TF 2m and for any ξ ∈ T⊥F 2m the following equality holds:(
∇XA
)
Jξ
= J
(
∇XA
)
ξ
(2.3)
Proof. From (1.1), because of (1.11), we obtain the following equalities (see , for example,
[3] , chapter 6, section 6.1, lemma 6. 26):
∇XJY = J∇XY, Jb(X, Y ) = b(X, JY ), ∀X, Y ∈ TF
2m. (2.4)
From (1.2) we have:
∇˜XJξ = −AJξX +DXJξ, J∇˜Xξ = J(−AξX +DXξ).
4
Some properties of Kaehler submanifolds with recurrent tensor fields.
Hence, because of (1.11), we obtain:
−AJξX +DXJξ = J(−AξX +DXξ).
Therefore,
−AJξX + JAξX = JDXξ −DXJξ.
Since F 2m is a Kaehler submanifold, then, from here, we have
AJξX = JAξX, DX(Jξ) = JDXξ, ∀X, Y ∈ TF
2m. (2.5)
From (1.7) we have
(∇XA)JξY = ∇X(AJξY )− AJξ(∇XY )− ADX(Jξ)Y.
Hence, using (2.4) and (2.5), we have:
(∇XA)JξY = ∇XJ(AξY )− JAξ(∇XY )− AJ(DXξ)Y =
= J∇X(AξY )− JAξ(∇XY )− JADXξY = J(∇XA)ξY.
Lemma is proved.
Lemma 3 . Let F 2m be a Kaehler submanifold in a Kaehler manifold M2m+2l(c) of constant
holomorphic sectional curvature c. Then for any X, Y, Z ∈ TF 2m and for any ξ ∈ T⊥F 2m
the following equalities hold:
(∇JZb)(X, Y ) = J
(
(∇Zb)(X, Y )
)
, (2.6)
(∇JZA)ξ = −J(∇ZA)ξ, (2.7)
JAξ = −AξJ, (2.8)
J(∇ZA)ξ = −(∇ZA)ξJ. (2.9)
Proof. 1. Because of (1.12), the equation (1.4) takes the following form:
(∇Xb)(Y, Z) = (∇Y b)(X,Z), ∀X, Y, Z ∈ TF
2m. (2.10)
Using (2.10), from (1.7) we obtain:
(∇JZb)(X, Y ) = (∇Xb)(JZ, Y ) = DX(b(JZ, Y ))− b(∇X(JZ), Y )− b(JZ,∇XY ).
Hence, using (2.4) and (2.5), we have:
(∇JZb)(X, Y ) = DX(J(b(Z, Y )))− b(J∇XZ, Y )− b(JZ,∇XY ) =
= J(DX(b(Z, Y )))− J(b(∇XZ, Y ))− J(b(Z,∇XY )) =
5
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= J(DX(b(Z, Y ))− b(∇XZ, Y )− b(Z,∇XY )) = J
(
(∇Zb)(X, Y )
)
.
The equality (2.6) is proved.
2. Using (2.6), from (2.1) we obtain:
g˜((∇JZA)ξX, Y ) = g˜((∇JZb)(X, Y ), ξ) = g˜(J((∇Zb)(X, Y )), ξ).
Hence, because of (1.10) and equality J2 = −I, we have:
g˜((∇JZA)ξX, Y ) = −g˜((∇Zb)(X, Y ), Jξ) = −g˜((∇ZA)JξX, Y ) = −g˜(J((∇ZA)ξX), Y ).
From here we get (2.7).
3. From (1.6), using (2.4), we obtain:
g˜(JAξX, Y ) = −g˜(AξX, JY ) = −g˜(b(X, JY ), ξ) = −g˜(b(JX, Y ), ξ) = −g˜(AξJX, Y ).
Thus,
g˜(JAξX, Y ) = −g˜(AξJX, Y ) ∀X, Y ∈ TF
2m, ∀ξ ∈ T⊥F 2m.
The derived equality is equivalent to (2.8).
4. From (1.8), using (2.4) and (2.8), for any X, Y ∈ TF 2m and for any ξ ∈ T⊥F 2m, we
have:
J
(
(∇XA)ξY
)
= J (∇X(AξY )−Aξ(∇XY )− ADXξY ) =
= ∇XJ(AξY ) + AξJ(∇XY ) + ADXξ(JY ) =
= −∇X(AξJY ) + Aξ(∇XJY ) + ADXξ(JY ) = −(∇XA)ξ(JY ).
Thus,
J
(
(∇XA)ξY
)
= −(∇XA)ξ(JY ), ∀X, Y ∈ TF
2m, ∀ξ ∈ T⊥F 2m.
The obtained equality is equivalent to (2.9). Lemma is proved.
Lemma 4 . Let F 2m be a Kaehler submanifold in a Kaehler manifold M2m+2l.
Then the following equality holds
∇Z (g˜(X, JY )Jξ) = 0 ∀X, Y, Z ∈ TF
2m, ∀ξ ∈ T⊥F 2m. (2.11)
Proof. By the definition of covariant derivative ∇, we have:
∇Z (g˜(X, JY )Jξ) =
= DZ (g˜(X, JY )Jξ)− g˜(∇ZX, JY )Jξ − g˜(X,∇Z(JY ))Jξ − g˜(X, JY )DZ(Jξ).
We transform the right part of the last equality, writing it in local coordinates and using the
designations (2.2):∂
(
gklX
k(JY )l(Jξ)τ
)
∂ui
+ Γ⊥τσ|igklX
k(JY )l(Jξ)σ
Z inτ−
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−gkl
(
∂Xk
∂ui
+ ΓkimX
m
)
(JY )l(Jξ)τZ inτ − glk
(
∂(JY )l
∂ui
+ Γlim(JY )
m
)
Xk(Jξ)τZ inτ−
−gklX
k(JY )l
(
∂(Jξ)τ
∂ui
+ Γ⊥τσ|i (Jξ)
σ
)
Z inτ =
=
(
∂gkl
∂ui
Xk(JY )l(Jξ)τ − gklΓ
k
imX
m(JY )l(Jξ)τ − glkΓ
l
imX
k(JY )m(Jξ)τ
)
Z inτ =
=
(
∂gkl
∂ui
− gmlΓ
m
ik − gmkΓ
m
il
)
Xk(JY )l(Jξ)τZ inτ = 0.
Lemma is proved.
Lemma 5 . Let F 2m be a Kaehler submanifold in a Kaehler manifold M2m+2l(c) of constant
holomorphic sectional curvature c. Then the following equality holds
R⊥(X, Y )ξ =
c
2
g˜(X, JY )Jξ + b(X,AξY )− b(Y,AξX),
∀X, Y ∈ TF 2m, ∀ξ ∈ T⊥F 2m. (2.12)
Proof. Because of (1.12), we have:
R˜(X, Y, ξ, η) = g˜(R˜(X, Y )ξ, η) =
c
2
g˜(X, JY )g˜(Jξ, η).
Then the equation (1.5) takes the form:
R⊥(X, Y, ξ, η) =
c
2
g˜(X, JY )g˜(Jξ, η) + g˜([Aξ, Aη]X, Y ).
We transform the second term in the right part of the obtained equality, using self-adjointness
of operator Aξ:
g˜([Aξ, Aη]X, Y ) = g˜((AξAη − AηAξ)X, Y ) = g˜(Aξ(AηX), Y )− g˜(Aη(AξX), Y ) =
= g˜(AηX,AξY )− g˜(AξX,AηY ) = g˜(b(AξY,X), η)− g˜(b(AξX, Y ), η).
Then for any η ∈ T⊥F 2m we have:
R⊥(X, Y, ξ, η) ≡ g˜(R⊥(X, Y )ξ, η) =
= g˜(
c
2
g˜(X, JY )Jξ, η) + g˜(b(AξY,X), η)− g˜(b(AξX, Y ), η).
From here we obtain the equality (2.12). Lemma is proved.
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Lemma 6 . Let F 2m be a Kaehler submanifold in a Kaehler manifold M2m+2l(c) of constant
holomorphic sectional curvature c. Then the following equality holds
(∇ZR
⊥)(X, Y )ξ =
= (∇Zb)(X,AξY ) + b(X, (∇ZA)ξY )− (∇Zb)(Y,AξX)− b(Y, (∇ZA)ξX),
∀X, Y, Z ∈ TF 2m, ∀ξ ∈ T⊥F 2m. (2.13)
Proof. From formula (1.9), using (2.12), we obtain:
(∇ZR
⊥)(X, Y )ξ = DZ
(
c
2
g˜(X, JY )Jξ + b(X,AξY )− b(Y,AξX)
)
−
−
(
c
2
g˜(∇ZX, JY )Jξ + b(∇ZX,AξY )− b(Y,Aξ(∇ZX))
)
−
−
(
c
2
g˜(X, J(∇ZY ))Jξ + b(X,Aξ(∇ZY ))− b(∇ZY,AξX)
)
−
−
(
c
2
g˜(X, JY ))J(DZξ) + b(X,ADZξY )− b(Y,ADZξX)
)
=
=
c
2
(
DZ(g˜(X, JY )Jξ)− g˜(∇ZX, JY )Jξ − g˜(X, J(∇ZY ))Jξ − g˜(X, JY )J(DZξ)
)
+
+DZ(b(X,AξY ))−DZ(b(Y,AξX))− b(∇ZX,AξY ) + b(Y,Aξ(∇ZX))−
−b(X,Aξ(∇ZY )) + b(∇ZY,AξX)− b(X,ADZξY ) + b(Y,ADZξX).
Hence, using (2.3) and (2.4), we have
(∇ZR
⊥)(X, Y )ξ =
=
c
2
∇Z(g˜(X, JY )Jξ) +DZ(b(X,AξY ))−DZ(b(Y,AξX))− b(∇ZX,AξY )+
+b(Y,Aξ(∇ZX))− b(X,Aξ(∇ZY )) + b(∇ZY,AξX)− b(X,ADZξY ) + b(Y,ADZξX).
Therefore, because of (2.11), we obtain:
(∇ZR
⊥)(X, Y )ξ =
(
DZ(b(X,AξY ))− b(∇ZX,AξY )− b(X,Aξ(∇ZY ))− b(X,ADZξY )
)
−
−
(
DZ(b(Y,AξX))− b(∇ZY,AξX)− b(Y,Aξ(∇ZX))− b(Y,ADZξX)
)
.
Hence, using (1.7), we obtain:
(∇ZR
⊥)(X, Y )ξ =
(
(∇Zb)(X,AξY ) + b(X,∇Z(AξY ))− b(X,Aξ(∇ZY ))− b(X,ADZξY )
)
−
8
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−
(
(∇Zb)(Y,AξX) + b(Y,∇Z(AξX))− b(Y,Aξ(∇ZX))− b(Y,ADZξX)
)
.
Now, using (1.8), we obtain:
(∇ZR
⊥)(X, Y )ξ =
=
(
(∇Zb)(X,AξY ) + b(X, (∇ZA)ξY )
)
−
(
(∇Zb)(Y,AξX) + b(Y, (∇ZA)ξX)
)
.
Lemma is proved.
Lemma 7 . Let F 2m be a Kaehler submanifold in a Kaehler manifold M2m+2l(c) of constant
holomorphic sectional curvature c. Then the following equality holds
(∇ZR
⊥)(X, Y, ξ, η) = g˜([(∇ZA)ξ, Aη]X, Y ) + g˜([Aξ, (∇ZA)η]X, Y ),
∀X, Y, Z ∈ TF 2m, ∀ξ, η ∈ T⊥F 2m. (2.14)
Proof. Because of (2.13), we have:
(∇ZR
⊥)(X, Y, ξ, η) ≡ g˜
(
(∇ZR
⊥)(X, Y )ξ, η
)
= g˜
(
(∇Zb)(X,AξY ), η
)
−
−g˜
(
(∇Zb)(Y,AξX), η
)
+ g˜
(
b(X, (∇ZA)ξY ), η
)
− g˜
(
b(Y, (∇ZA)ξX), η
)
.
In the derived equality, we transform the first and the second terms using (2.1), the third
and the fourth using (1.6):
(∇ZR
⊥)(X, Y, ξ, η) = g˜
(
(∇ZA)ηX,AξY
)
− g˜
(
(∇ZA)ηY,AξX
)
+
+g˜
(
AηX, (∇ZA)ξY )
)
− g˜
(
AηY, (∇ZA)ξX)
)
.
Hence, because of self-adjointness of operators Aξ and (∇A)ξ, we obtain:
(∇ZR
⊥)(X, Y, ξ, η) = g˜
(
Aξ(∇ZA)ηX, Y
)
− g˜
(
Y, (∇ZA)ηAξX
)
+
+g˜
(
(∇ZA)ξAηX, Y )
)
− g˜
(
Y,Aη(∇ZA)ξX)
)
=
= g˜
(
[Aξ, (∇ZA)η]X, Y
)
+ g˜
(
[(∇ZA)ξ, Aη]X, Y )
)
.
Lemma is proved.
Lemma 8 . Let F 2m be a Kaehler submanifold in a Kaehler manifold M2m+2l(c) of constant
holomorphic sectional curvature c. Then the following equality holds
(∇JZR
⊥)(X, Y, ξ, η) = (∇ZR
⊥)(X, Y, Jξ, η)− 2g˜([(∇ZA)Jξ, Aη]X, Y ),
∀X, Y, Z ∈ TF 2m, ∀ξ, η ∈ T⊥F 2m. (2.15)
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Proof. From (2.14) we obtain:
(∇JZR
⊥)(X, Y, ξ, η) = g˜([(∇JZA)ξ, Aη]X, Y ) + g˜([Aξ, (∇JZA)η]X, Y ).
Hence, using (2.7), we have:
(∇JZR
⊥)(X, Y, ξ, η) = g˜([−J(∇ZA)ξ, Aη]X, Y ) + g˜([Aξ,−J(∇ZA)η]X, Y ).
In the derived equality, we transform the second term using (2.8) and (2.9):
[Aξ, J(∇ZA)η] = AξJ(∇ZA)η − J(∇ZA)ηAξ =
= −JAξ(∇ZA)η + (∇ZA)ηJAξ = −[JAξ, (∇ZA)η].
Therefore,
(∇JZR
⊥)(X, Y, ξ, η) = −g˜([J(∇ZA)ξ, Aη]X, Y ) + g˜([JAξ, (∇ZA)η]X, Y ).
Hence, because of (2.3) and (2.5), and using (2.14), we obtain:
(∇JZR
⊥)(X, Y, ξ, η) = −g˜([(∇ZA)Jξ, Aη]X, Y ) + g˜([AJξ, (∇ZA)η]X, Y ) =
= (∇ZR
⊥)(X, Y, Jξ, η)− 2g˜([(∇ZA)Jξ, Aη]X, Y ).
Lemma is proved.
3 Proofs of theorems 1, 2.
Proof theorem 1.
Let for some 1-form µ on F 2m, the following condition holds
(∇Xb)(Y, Z) = µ(X)b(Y, Z) ∀X, Y, Z ∈ TF
2m. (3.1)
Then for any vector field ξ ∈ T⊥F 2m, we have:
g˜(
(
∇Xb
)
(Y, Z), ξ) = g˜(µ(X)b(Y, Z), ξ).
Hence, using (2.1) and (1.6), we obtain:
g˜(
(
∇XA
)
ξ
Y, Z) = g˜(µ(X)AξY, Z) ∀X, Y, Z ∈ TF
2m, ∀ξ ∈ T⊥F 2m.
Thus, the condition (3.1) is equivalent to the condition(
∇XA
)
ξ
= µ(X)Aξ, ∀X ∈ TF
2m, ∀ξ ∈ T⊥F 2m. (3.2)
From (3.2) we obtain the equality:(
∇JXA
)
ξ
= µ(JX)Aξ ∀X ∈ TF
2m, ∀ξ ∈ T⊥F 2m. (3.3)
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On the other hand, from (3.2), because of (2.7), we have:(
∇JXA
)
ξ
= −J (µ(X)Aξ) , ∀X ∈ TF
2m, ∀ξ ∈ T⊥F 2m. (3.4)
From (3.3) and (3.4), we obtain:
µ(JX)Aξ = −J (µ(X)Aξ) , ∀X ∈ TF
2m, ∀ξ ∈ T⊥F 2m.
Hence, for any Y ∈ TF 2m, we have:
µ(JX)AξY = −µ(X)J (AξY ) , ∀X ∈ TF
2m, ∀ξ ∈ T⊥F 2m. (3.5)
Using (3.5), we obtain:
µ(JX)g˜(AξY,AξY ) = −µ(X)g˜(J (AξY ) , AξY ) = 0,
∀X, Y ∈ TF 2m, ∀ξ ∈ T⊥F 2m. (3.6)
Since b 6= 0 then there exists nondegenerate vector field ξ ∈ T⊥F 2m, and from (3.6) we come
to the equality:
µ(X) = 0 ∀X ∈ TF 2m.
Then 1-form µ ≡ 0 and, therefore,(
∇XA
)
ξ
= 0, ∀X ∈ TF 2m, ∀ξ ∈ T⊥F 2m. (3.7)
Hence, because of (2.14), we obtain the conclusion of the theorem.
Proof of theorem 2.
Form (1.3) we obtain:
∇WR(X, Y, Z, V ) = g˜((∇W b)(X, V ), b(Y, Z)) + g˜(b(X, V ), (∇W b)(Y, Z))−
−g˜((∇W b)(X,Z), b(Y, V ))− g˜(b(X,Z), (∇W b)(Y, V )) ∀X, Y, Z, V,W ∈ TF
2m.
Therefore, because of (3.7), ∇R ≡ 0. Theorem is proved.
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